We report on a study of the thermodynamics of the Ginzburg-Landau model for two-dimensional type-II superconductors near the transition from the normal state to the Abrikosov-lattice state. We couch our analysis in terms of the participation-ratio entropy, s(P ), which expresses the volume in order-parameter-space with a given participation-ratio for the local superfluid density. s(P ) completely determines the thermodynamics of the system. We report on results for s(P ) obtained analytically using perturbation expansion methods and numerically using Monte Carlo simulation methods and discuss the weak first-order phase transition which occurs in this system in terms of the properties of s(P ). 74.60Ec;74.75.+t Typeset using REVT E X 1
The discovery of high-temperature superconductivity in materials with strong planar anisotropy has led to renewed experimental [1] [2] [3] [4] and theoretical [5] [6] [7] [8] [9] interest in the properties of two-dimensional and strongly anisotropic three-dimensional type-II superconductors at fields near H c2 (T ) where thermal fluctuations are important. Phase transitions of type-II superconductors in a magnetic field are unusual because of the Landau level degeneracy of Cooper-pair states in a magnetic field [10] . In mean-field-theory continuous phase transitions occur simultaneously in a number of channels equal to the Landau level degeneracy and the low-temperature Abrikosov lattice state has both superconducting and positional order. The Cooper-pair Landau level degeneracy also increases the importance of fluctuations and as a result the phase transition is considerably rounded. It is well established experimentally and theoretically that the Abrikosov vortex lattice state in D = 3 dimension melts into a vortex liquid state through a weakly first order phase transition, [3, 4, 6, 11, 12] A consensus [8, [13] [14] [15] has emerged from recent work that a weak first-order phase transition with a latent heat which is ∼ 2% of the mean-field condensation energy at the depressed transition temperature also survives in D = 2, although this view is not universally held [16] . We have previously [14] introduced a formulation of the thermodynamics of this system in terms of a quantity, s(P ), which we refer to here as the participation-ratio entropy and which measures the volume in order-parameter space associated with a given participation ratio for the local superfluid density. In this Letter we report on evaluations of s(P ) based on high-temperature and low-temperature expansions and on Monte-Carlo simulations of the Ginzburg-Landau (GL) model. For fields sufficiently close to H c2 the order parameter is confined to the lowest Cooperpair Landau-level [17] . The free energy density of the lowest-Landau-level GL (LLL-GL) model is
where α(T ) = α ′ (T − T c0 ), T c0 is the zero-field transition temperature, m * parameterizes the energy cost of spatial variation of the order parameter and β is taken to be independent of T . The mean-field theory transition temperature satisfies
The LLL-GL model free energy is F GL ≡ d rf [Ψ( r)]. For T < T c2 the quadratic term in Eq. (1) lowers F GL while the quartic term always makes a positive contribution. Our approach to the thermodynamics of this system is based on the observation that for a given magnitude of the quadratic term in F GL [Ψ] the quartic term is larger when the order parameter has a smaller participation ratio [18] , We choose to work in the Landau gauge ( A = (0, Bx, 0)). The order parameter Ψ( r) can then be expanded in the form, [14] 
where the number of terms in the sum over k is N φ = L x L y /2πℓ 2 and ℓ 2 =h/2eB. We define the following intensive thermodynamic variables, which will be used to describe the system. A dimensionless average local superfluid density is defined by
The participation ratio, defined by Eq. (2) is
where
In terms of ∆ 0 and P , the LLL-GL free energy has the following form:
Temperature and field enter only through [17] the dimensionless parameter, g ≡
The partition function for the LLL-GL model is
and can be rewritten as the following form: [14] 
and
Because
The participation-ratio entropy, s(P ) ≡ s(1, P ), expresses the portion of volume in the phase space with a given participation ratio.
In the thermodynamic limit fluctuations in ∆ 0 [C k ] and P [C k ] are negligible so that the free energy of the system at a given temperature (g) can be obtained by simply minimizing f (∆ 0 , P, g 2 ) with respect to ∆ 0 and P . It follows that the equilibrium values of ∆ 0 and P
Eq. (12) establishes a functional relationship between ∆ 0 and P which originates in the fact that the properties of the system do not depend on α H and β independently but only on
fixes the equilibrium values of P and ∆ 0 and hence the free energy. This equation reflects the balance between the rate of increase of volume in order-parameter-space and the rate of decrease of condensation energy which fixes the equilibrium participation ratio. Note that the right hand side of Eq. (13) vanishes for g >> 1; the equilibrium value of P in the high temperature limit is the value of P where s(P ) is maximized, i.e. the most probable value of P in order parameter space. We remark a stable equilibrium can occur at any temperature at participation-ratio P only if
We now turn to the evaluation of s(P ). Since P is positive definite this function is defined on the interval (0, P △ ) and we can evaluate it analytically near both end points of the interval. For P near P △ we can approximate P [C k ] by a Taylor series expansion to second order around an Abrikosov vortex lattice state. Since the Abrikosov lattice states occur at an extremum of P [C k ] linear terms are absent and by formally diagonalizing the resulting quadratic form we find that the volume in order-parameter-space with a given value of P is proportional to the surface area of a sphere in ∼ 2N φ dimensions with radius proportional to (P △ − P ) 1/2 . It follows that for P near P △ s(P ) ≈ ln(P △ − P ).
The participation-ratio entropy for small P is most easily evaluated by using the symmetric gauge expansion of the order parameter [8] in terms of eigenfunctions with definite angular momentum, m. In this case order parameters which are confined to an area ∼ k/N φ A centered on the origin, must be expanded in terms of the eigenfunctions with m < k. It follows that the order-parameter-space volume with P < k/N φ at ∆ 0 = 1 is given by the surface area of a sphere in k dimensions with radius N 1/2 φ and hence that for P going to zero
We can also obtain analytic results for the expansion of s(P ) about its maximum by using the high-temperature expansion of the free-energy of the GL-LLL model [20] :
where obtained by Ruggeri and Thouless [20] and the expansion was later extended to eleventh order by Brézin, Fujita and Hikami [21] and recently to thirteenth order by us. [22] . The equilibrium values of ∆ 0 and P may be expressed in terms of f 2D (x) by differentiating the free energy with respect to α H and β. [22] ; −34247891779884.099
Using Eq. (13) and the high temperature expansion of ∆ 0 (x) we obtain the following expansion for the parametric dependence of s ′ (P ) on x: 
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Eq. (18) can be inverted to expand x in terms ofP ≡ P − 1/2. Inserting this series in Eq. (19) gives s ′ (P ) as a series inP . Integrating this series and determining s(P = 1/2) by direct evaluation we find
Directly evaluating the low-temperature expansion of the LLL-GL model has proven to be an arduous task [23] [24] [25] and has led to discordant results. In contrast, using Eq. (15) we can obtain a result for the the leading low-temperature correction to the mean-field free energy of the LLL-GL model in a very simple way. We find immediately, in agreement with
Ref. [25] , that for large x (g << 1 )
The first term here is the mean-field-theory energy and the correction comes from the lowtemperature equilibrium participation-ratio entropy.
It is interesting to observe that equilibrium values of P vary through a relatively narrow range between the largest possible value for P [Ψ] (P △ ) and the most probable value for P [Ψ]
(1/2) from low temperature to high temperature limits. Useful approximate expressions for the free energy, the magnetization, and the specific heat of the GL-LLL system have been proposed by Tešanović and collaborators [26, 27] motivated by this property.
The high-temperature expansion of s(P ) around P = 1/2 can be extrapolated with the use of Padé approximants for s ′ (P ). The Padé approximants were chosen to satisfy s ′ (P ) = 1/(P − P △ ) for P → P △ . and s(P ) was obtained by integration. Results are shown in Fig. 1 . Poles appear in the approximants forP ∼ −0.2 and the extrapolation to negative values ofP is not very successful. Nevertheless, we believe that s(P ) is a smooth function over the entire interval (0, P △ ). This expectation is consistent with numerical results for s(P ) obtained by Monte Carlo methods which are also shown in Fig. 1 . The Monte Carlo results were extracted from distribution functions for participation-ratio values, A λ (P ), calculated using exp(−N φ (λP + ∆ 0 )) as the sampling function. Since
extrema of the distribution occur where s ′ (P ) = λ. By performing calculations at a series of λ values we were able to map out the function s ′ (P ); the results shown in Fig. 1 were obtained by numerical quadrature from the Monte-Carlo results for s ′ (P ). The overall agreement between the analytic and numerical results for the participation-ratio entropy is excellent.
The inset in Fig. 1 shows Monte-Carlo results for s ′ (P ) in the narrow range of equilibrium participation-ratio values which occur near the first-order melting transition. We see that in the Monte-Carlo simulations (but not in the analytic results) s ′′ (P ) > 0 for P in the interval (0.832, 0.837). Equilibrium P values cannot occur in this interval and must therefore have a discontinuity in their temperature dependence. It is this property of the participation-ratio entropy which leads to the weakly first order phase transition in the LLL-GL model.
Our description of the thermodynamics of the LLL-GL model is summarized in Fig. 2 in terms of three contour plots for f (∆ 0 , P, g 2 ) + ln(|α H |πℓ 2 /β). At each g the equilibrium
The top panel is for a temperature at which the system is in the vortex liquid state, the middle panel is for a temperature close to the phase transition and the bottom panel is for a temperature at which the system is in the vortex lattice state.
The trend to decreasing participation ratios at higher temperatures is driven by the increase in the relative importance of the entropy. The first order phase transition occurs because of the occurrence of an interval over which s ′′ (P ) is positive. When the optimal P values are close to this interval two local minima appear in the free energy contours and the global minimum switches from the local minimum at larger P to the local minimum at smaller P as the temperature increases. In the high temperature limit of the model, thermal fluctuations are Gaussian and P approaches 1/2. 
